Abstract: An accurate and rapid estimation of the pavement temperature field is desired to better predict pavement responses and for pavement system design. In this paper, an innovative method to derive the theoretical solution of an axisymmetric temperature field in a multi-layered pavement system is presented. The multi-layered pavement system was modeled as a twodimensional heat transfer problem. The temperature at any location and any time t in an Nlayer pavement system can be calculated by using the derived analytical solution. Hankel integral transform with respect to the radial coordinate is utilized in the derivation of the solution. The interpolatory trigonometric polynomials based on discrete Fourier transform are used to fit the measured air temperatures and solar radiation intensities during a day, which are essential components in the boundary condition for the underlying heat transfer problem. A FORTRAN program was coded to implement this analytical solution. Measured field temperature results from a rigid pavement system demonstrate that the derived analytical solution generates reasonable temperature profiles in the concrete slab. ) , ( z r
INTRODUCTION
It is well known that temperature variation in pavement layers play an important role in the performance of both flexible and rigid pavement systems (1) . In flexible pavement systems, the surface layer is usually made of hot-mix asphalt (HMA), which is a visco-elastic material and its behavior is highly related to its temperature, i.e., HMA responds like an elastic solid under low temperature and strain conditions; on the other hand, it also acts as a viscous material at high temperature in the sense that the deformation due to traffic loading cannot fully recovered within a finite time period under the unloading condition (2) . Therefore, an accurate prediction of the temperature profile in the HMA layer is desired when selecting the asphalt binder and predicting performance. For rigid pavement design, the thermal curling stress in the concrete slab cannot be ignored (3) and by some manner must be added to the traffic loading stresses (4, 5) . In order to accurately capture the critical thermal stresses in the PCC slab, the temperature profile throughout the day must be known.
Many research efforts have been taken on developing different mathematical models to predict temperature profile within a pavement system. Most of published results on this topic can be fitted into statistics-based models or heat transfer models.
Statistics-Based Pavement Temperature Prediction Models
The statistics-based regression formulae are usually developed based on large databases of climatic, meteorological and geographical factors, such as air temperature, wind speed, solar radiation and latitude etc, as well as the measured field pavement temperatures. Rumney and Jimenez (7) approximated temperature at the surface and at a 2-inch depth based on air temperature and hourly solar radiation. Lukanen et al. (8) predicted the seven-day average high pavement temperature using seven-day average high air temperature. More recently, Diefenderfer et al. (9) calculated the maximum and minimum temperature at any depth by using air temperature, daily solar radiation and depth within the pavement. Empirical formulae are usually applied to rapidly predict certain extreme temperatures within a pavement system or a specific temperature at a given pavement depth. However, the disadvantage of these types of formulae is that they give reasonable prediction for the input data included within the original sample database, but do not guarantee the accuracy of prediction for the input data outside the original sample database.
Heat Transfer Models
The existing heat transfer models that predict pavement temperature profile are usually solved using a numerical method, which typically consist of four steps. Firstly, the governing equation to account for the heat conduction within a pavement must be set up, which is usually a onedimensional (1-D) or two-dimensional (2-D) heat transfer model represented by a timedependent partial differential equation (PDE). Secondly, an appropriate boundary condition must be established linking the climatic parameters with the pavement surface temperature. This link is accomplished by analyzing the energy balance at the pavement surface. Thirdly, the spatial domain needs to be discretized using a numerical method, such as finite-difference method, finite-element method, etc., which results in a large system of ordinary differential equations (ODEs) in time. Fourthly, an appropriate time-integrator is required to solve these ODEs. For example, this time-integrator can be either a linear multi-step method or a Runge-Kutta method.
Dempsey and Thompson (10) were one of the first researchers to develop a numerical simulation approach by using 1-D heat transfer model and an explicit finite-difference method. Hsieh et al. (11) proposed a three-dimensional numerical model to calculate the temperature distribution within concrete pavement. Recently, Rasmussen et al. (12) and Schindler et al. (13) proposed models to predict the temperature distribution in the early-age PCC pavement by incorporating both the climatic factors and the heat of hydration of cementitious materials into the models using a finite element or a 1-D finite-difference method, respectively. Yavuzturk et al. (14) simulated temperature fluctuations in asphalt pavements due to thermal environmental conditions by using a 2-D finite-difference method.
Analytical Approaches
As far as analytical solution of temperature profiles through a multi-layer pavement system is concerned, very few results are available due to the complexity encountered in deriving the closed-form analytical solution. Barber (6) calculated the maximum pavement temperature from weather reports for a 1-layer system. Solaimanian and Kennedy (15) proposed a simple analytical equation to predict the maximum pavement surface temperature based on maximum air temperature and hourly solar radiation. Liang and Niu (16) derived a closed-form analytical solution of temperature distribution in a 3-layer system using a simplified boundary condition, which only involved the convection of heat between the atmosphere and pavement surface but not any solar radiation effect.
The main hurdle associated with the numerical methods for predicting pavement temperature field is that the initial pavement temperature distribution (called initial condition) must be available in order to calculate temperature field for the later time, since a time-dependent PDE problem essentially needs to be solved. However, the initial pavement temperature profile is typically not available. To remove this hurdle, a 2-D axisymmetric approach for analytically predicting the temperature field in an N-layered pavement system is proposed in this paper when the initial pavement temperature profile is not known, which extends the analytical solution for a 3-layer pavement system by Liang and Niu (16) . Moreover, the proposed model handles measured solar radiation and considers irradiation. The proposed temperature solution is valid for pavement systems with N-layers, at any depth of pavement, , radial direction, z r and time, during the day using measured climatic data and pavement material properties. This model can predict temperature profiles in both multi-layered flexible and rigid pavement systems assuming the thermal properties of the materials are known.
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MATHEMATICAL TEMPERATURE MODEL
The temperature distribution in a multi-layered pavement system, shown in Fig. 1 , can be modeled as a heat transfer problem, where = layer thickness (m), thickness of the last layer (subgrade), , is assumed to be infinite along the positive direction. All materials in the multi-layered systems are assumed to be continuous, homogeneous, and isotropic. The temperature profile in the layer i , is assumed to be axisymmetric. One advantage of this assumption is that the thermal stresses due to temperature change can be easily incorporated with the traffic loading stresses by using the layered elastic theory, since the latter is also considered to be axisymmetric (17) .
In cylindrical coordinate system, the 2-D axisymmetric heat transfer problem can be modeled with the following governing time-dependent PDE:
where ; It is assumed that the temperature and heat flow are continuous along the interface of two consecutive layers, i.e. 
The bounded temperature at an infinite depth is given by
where M is a constant.
The boundary conditions (BCs) play an important role in computing the temperature profile in multi-layered pavement systems. The temperature at the pavement surface is greatly influenced by meteorological and geographical factors, such as air temperature, solar radiation, wind speed, latitude and elevation of the pavement (10, 15, 18) . The BCs can be set up by analyzing the energy balance at the pavement surface. Mathematically, it is expressed as (19) By Fourier's law of conduction, heat flow into pavement, q , is pointed to the direction of temperature gradient and calculated as follows
The convection energy, P , is calculated as Substituting equations (5)- (7) into equation (4) yields the following BC
Eqs. (1)- (3) and (8) constitute the mathematical modeling of temperature field in multi-layered pavement systems. In order to analytically derive the solution of temperature field, continuous functions for representing , ) and are desired. In this paper, and are assumed to be measured at a half-hour interval during a day. Interpolatory trigonometric polynomials, based on discrete Fourier transform, can then be used to fit the daily measured data of and as described below (21) .
where if 48 equally spaced sample points are used; 24 = m 0 = t at 0:00 a.m. and is the measured solar radiation intensity value at time
The approximation of ambient temperature, can be analogously treated by
Where =24 and is the measured air temperature at time as defined above. A fourth order equation to account for the irradiation emitted by pavement surface was used in reference (10), which was given by are model parameters. Barber (6) took irradiation into consideration by discounting the daily solar radiation intensity. For simplicity, the nonlinearity in the BC imposed by is avoided in this paper by modifying the convection coefficient, ) (t F B and pavement surface absorptivity (19) . 
where μ can be fitted by using the measured pavement temperature in the radial direction. In this paper, 002 . 0 to 001 . 0 = μ (1/m) is assumed when the temperature difference between the center of pavement cross section and shoulder is 5 to 10 °C, respectively (19) . Also the unit of r is in meters in eq. (14) . Thus, the BCs may be modified as
Substituting eqs. (9), (11) , and (14) into eq. (15) 
THEORETICAL SOLUTION OF PAVEMENT TEMPERATURE PROFILE
The sinusoidal terms in the right hand side of eq. (16) only differ in magnitudes, frequencies, and phase angles. In order to facilitate presentation of the analytical solution of , the following sample BC is introduced from which the solution of will be developed: 
where j is the imaginary unit number with
Since relating ) sin( t ω with can greatly facilitate the derivation of the analytical solution, the temperature distribution is first derived in the complex plane, , then the desired solution of temperature profile for the 2-D heat transfer problem, is simply the imaginary part of . To easily present the derivation, the governing equation and the constraint conditions for this 2-D heat transfer problem are represented in terms of the complex variables, as follows:
Two-Dimensional Heat Transfer Equation
Bounded Temperature Value at Infinite Depth
where M = constant.
Boundary Condition
The following outlines the main steps involved in deriving the analytical solution of :
(1) By using the approach of separation of variables (22) 
can be expressed as ( )
It follows that
(2) Substituting of eqs. (23), (24) 
as follows:
Where and are defined in the Appendix. where ; are defined in the Appendix, and eq. (33) can be easily proved by using the method of mathematical induction. 
is given in eq. (35) with all the symbols defined in the Appendix.
Numerical Implementation of Analytical Solution
As shown in eqn. (35), an integral with respect to ξ ranging from 0 to ∞ must be solved in order to calculate the temperature distribution ( )
for the layer, and this can be solved numerically. A computer cannot handle an th i ∞ upper limit of integration, thus, an appropriate truncated upper limit, , has to be chosen, which can be determined by a convergence test of . One such convergence test example is shown in Table 2 
MODEL VERIFICATION WITH FIELD DATA
A FORTRAN computer program was developed to predict the temperature profile in a multilayered pavement system by using the above analytical solution of the temperature field. For the model validation, the computed temperature profile in a continuously reinforced concrete pavement (CRCP) test section is compared with measured field data from the Advanced Transportation Research and Engineering Laboratory (ATREL) in Illinois, USA (24) . The CRCP test sections consist of concrete slab (0.254m) with continuous reinforcing steel, asphalt concrete base (0.102m) and aggregate subbase (0.152m) all supported on a silty-clay soil layer.
Temperatures at five different slab depth locations, i.e., 0.0254m, 0.0762m, 0.127m, 0.1778m and 0.2286m from pavement surface, along with several climatic parameters, such as wind speed, wind direction and solar radiation were measured at a half-hour interval.
In this paper, temperatures in CRCP test section at the aforementioned five slab depth locations were continuously predicted using the above analytical solution for 71.5 hours at a half-hour interval in both winter and summer conditions, i. z Table 4 presents the mean errors and standard deviations between the predicted (T p ) and measured (T m ) temperature for each of five different slab depth locations. The mean error is the greatest near the bottom of the slab but the standard deviation is the largest near the top of the slab where temperature fluctuations are the greatest. The temperature discrepancy between the predicted and measured values come from many factors, such as the errors involved in selecting the appropriate material thermal parameters, e.g. thermal conductivity and thermal diffusivity; errors involved in the continuous interfacial heat flux assumptions, since different levels of heat flow resistance may exist in the interface of two consecutive pavement layers; deep soil temperature effects; irradiation occurring at night and temperature measurement error. The irradiation at night and the effect of the deep soil temperature are likely the major reasons for the temperature discrepancy between the predicted and measured values. The irradiation in this paper is considered only by adjusting the absorptivity of the concrete and convection coefficient. Furthermore, the deep soil temperature cannot be currently considered with the proposed analytical approach. 
Comments on the Proposed Analytical Solution
The proposed analytical solution can rapidly, yet reasonably, predict the temperature field in the N-layered pavement system with limited input data, which is especially important for characterizing field temperature profile when using the falling weight deflectometer (FWD) test device. In particular, the initial pavement temperature profile is not required in order to implement this solution. A simplification of the proposed model to accommodate limited weather data could be made to just use the maximum and minimum air temperatures for the day along with the peak solar radiation intensity for the day. Furthermore, for FWD testing conducted during the daytime hours, only the surface layer's temperature profile are required thus allowing for usage of a more realistic surface absorptivity value. The proposed analytical solution can also serve as a driving engine to generate the initial pavement temperature profile for other numerical treatments of temperature field, such as in simulating temperature evolution of "hydrating" concrete pavement where the heat of hydration plays an important role and its value is related to the initial pavement temperature profile. Also, 
CONCLUSIONS
The theoretical solution of 2-D axisymmetric temperature field in a multi-layered pavement system is successfully derived. The temperature at any pavement location ( z r, ) and time t in an N-layered pavement system can be calculated by using this solution under the cylindrical coordinate system. Hankel integral transformation with respect to the radial coordinate is utilized in the derivation of solution. The interpolatory trigonometric polynomials that are based on discrete Fourier transform are used to fit the measured air temperatures and solar radiation intensities during a day, which are essential components in the boundary condition for the underlying heat transfer problem. Field temperature testing results demonstrate that the derived analytical solution generates realistic temperature profiles in a concrete slab for a 4-layered rigid pavement system. The advantage of this formulation is that it can rapidly predict the pavement temperature field for short time durations with limited input data and it does not require the initial temperature field to be known. 
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APPENDIX
This appendix summarizes the main variables and symbols used in the derivation and formulation of analytical solution of temperature field in N-layered pavement system (25) .
In the following, the subscript i runs from 1 to except stated explicitly otherwise, the superscript runs from 1 to 2 with understanding that they are not taken as powers; symbol like CA in is treated as a single variable. 
kl kl P R 
can be determined as follows: 21 12 , ,
can be obtained analogously. 
